COMPLEX NUMBERS

A complex number is represented by an expression
of the form a + bi where a and b are real numbers
and i is a symbol with a property i2 = —1.

i = v—1 was introduced by a Swiss mathematician
Euler. Traditionally the letters Z and W are used to
stand for complex numbers.

Given a complex numbers z = a + bi.

The real part of a complex number z is Re(z) = a
and the imaginary part of z is Im(z) = b.

Both Re(z) and Im(z) real numbers.

Thus the real part of Z =4 — 3i is Re(w) = 4 and
imaginary part of Z is Im(Z) = -3

By identifying the real number a with a complex
number a + oi we consider R (real numbers) to be
subset of C (complex numbers).

Consider the equation x? + 9 = 0, this can be written
as x? = —9 and we can see that the equation has no
real roots since we cannot find the real root of a
negative number, But with i2 = —1 (Euler) we are
able to find the square root of complex numbers.

x?2=-9
x2 =92
Vx% =4/9i?
x = +3i
x = 3i x = -3i

Example
Solve the following equations
(@) 4x%>+49=0
(b) x2+2x+6=0
Solution
4x2+49 =0
4x?% = —49

(b) x2+2x+6=0

—b++/b?—4ac

From, x=
2a
(-2+ /@7 -4 )
*= 2% 1
~2++/-20
X=—-"
2
IR T
*= 2
-2+ 2iV5
X=———
2
x=-1+1iV5
x=-1-1iV5

With this new concept we are in position to find the
roots of any quadratic equation.

When the imaginary part of a complex number is
zero, the complex number becomes a real number.
Thus, all real numbers are complex numbers.

Definition

Given a complex number z = x + iy, the complex
conjugate of Z denoted by z or z* is a complex
number given by z = x —iy. Therefore if z = 4 + 3i,
w=-2+4i

Then z=4-3i, w-2 —4i

Algebra of complex numbers
1. Addition

Given that two complex numbers

7z, = x1 +iy;, z, = x5 + iy,. Then
Z1+ 2y = x1 + iy + x5 + iy,

=x1 +x; +i(y1 +¥2)

Therefore ifz; =3+ 5iandz, =2 - 7i
z1+2z,=34+5i+2-7i
=B+2)+5i-7i
=5-—2i
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Example
1. Subtraction:
Z, =X +liy,
Z, =X, +1y,
5L, -7, = (X1 + iyl) _(Xz + iyz)
=X =X, +iy; — 1y,
= (X1 - Xz) + i(yl - yz)
z1=4-3i
z, = 6—14i

Find (z; — z,)
(z1 —2z5) = (4 —3Q) — (6 — 140)
=4—-6-—3i+ 14i
=-24+11i

2. Multiplication
zZ1 =x1+ 0y, Zp =%+ 10y,
2125 = (1 + i) (xz + iy3)
= XX + X1 Y20 + y1 X0 + 2y, Y,
= x1X; = Y1Y2 + (V1%2 + x1Y2)1

Example
zy=3+5i, z,=2-7i
Find z,z,
Solution
Find z;z, = (3+ 5i)(2 — 7i)
=3(2—-7i)+ 5i(2 - 7i)
=6—21i + 10i — 35i?
=6+35+ (10 — 21)i
=41—-11i
3. Division
z1=x1+iy,and z;, = x, + iy,
zZy X1ty
z; X +iy;
Z_x%t iy1 (X — iy2)
Zy Xy +iy(x2 — iy7)

. . -2
Zy _ XXz — X1 Yol + XoY1l — Y1),

Zy (Xz)z - iz}’zz

_ x1X + y1Yo + (X2y1 — X1 Y2)1
x3% + y*

_ X% +y1y2  (y — x1y2)i

X2% + y,? X% + y,?
Example I
simplify z = 2=

2460 2+6i(3+10)
TR I T B-03B+D
23 +10) +6i(3+10)

= 32 _ ;2
_6+2i+18i+6i2
B 10
_6+20i—-6
B 10
_ 0+20i
10
=2i

Example 11

—1+2i
1+3i

Express in the form a + bi

Solution
—14+2i —1+2i(1-30)
14+3i  1+3i(1-30)
_ —1+3i+2i— 6
()2 -3
_5i+5
10
5+ 5i
10

:E+El

The Argand Diagram

Complex numbers can be represented graphically on
a graph of Real (Re) and Imaginary (Im) axes called
a complex plane. The complex plane is similar to the
Cartesian plane where the imaginary axis
corresponds to the y-axis and the real axis
corresponds to the x-axis. The diagram representing
the complex number in complex plane is called an
argand diagram named after JR argand 1806.

On the argand diagram a complex number is
represented by a line with an arrow on the head to
show direction

If z= x4+ iy we can represent z on argand diagram
as shown below.

Im Axis

—_

X Re (axis)
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If Zl = xl + ly]_ and Zz = xZ + lyz then

z1+2; =x1+x, +i(y1 +Y2)

Q

Y2

X2V
o
X1 “Real axis

Zy,2, and z, + z, IS represented by vectors O—P{
OP, and 00 respectively. The diagram shows that
P,Q is equal OP, in magnitude and direction

00 = OP, + P,Q = OP, + OP,

Thus the sum of two complex numbers z;and z, is
represented in the argand diagram by the sum of the

corresponding vectors OP, and OP,

Representing z; — z, on the argand diagram.

N
e
J\
S

Py

74 =

(21 — Zz) = OP; — OP;
= PP,
SinCEOPl—OPZ =P1P2
z, — Z, can be represented by P; P,

Example
Represent the following complex numbers on the
argand diagram.

21=3+4i, ZZ=_2+i,Z3=_5_4i,
Zy = 2 — 3i, zg = —4 — 2,
Solution

Z;

-4 -4 13 |2 L (2 |3 4
Redl axis

-4

Modulus of a complex number
Given a number z=x+1iy, the
magnitude or length of z is denoted be |z]| is

defined by
|z] = Vx? + y?
Example I

Givenz =1 ++/3i find |z|
Solution

z=1+(V3)i

121 = {2 + (V3)°

~ V3
=2

complex

Example II

. , _ 1 3.
Find |z| if z = S5l

Solution

1 N 3
44
=1
=1
=|z|=1
Example 111
z=—-3+4ifind |z|
Solution
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z=-3+4+4i

Izl = (=3)2 + (4)?
=V9+16
=25
=5

Properties of modulus
If z; and z, are complex numbers then

(D) |z122| = |z11|2,|
e\ |21 | 4 |
i)=& =—
WL =1
Example I
zy =5—12iand z, =3 — 4i
Find |z,2,| and |2
)
Solution
zy =5—-12i, Zy, =3 —4i
|z122| = |z1]| 2]
= |(5 — 12i)(3 — 4i)|
=|5-12i||3 - 4i|
=52 + (-12)>/(3)2 + (—4)?
=1/169 x V25
=13 X5
=65

Alternatively
2125 = (5 — 120)(3 — 40)
= 15— 20i — 36i + 482
=15—-48 — 56i
= —33 —56i
|2125| = \/(=33)% + (=56)?
= 65 units

2, =5-12i, z,=3—4i
zl J(5)*+(—12)2

Al

2|zl [+ (—4)2
13
~ 5
Alternatively, 4 =5_—12_I
z, 3-4i
(5 —12i)(3 + 4i)
(3—-4i)(3+40)
z; 15+ 20i — 360 — 48i?

7z, (3)r—(4)?

63— 16i

9416
_ 63 16
~25 25
z 63\* 1612
2= 1G) +(-3%)
Z, 25 25
7| _ [(63)2 + (16)?
z,| 252
65 13
T 25 5

Argument of a complex number Z (arg 2)

The argument of a complex number z is defined to be
the angle (&) which the complex number z makes
with the positive x-axis.

4

From the diagram above,
tan @ = 4 =0 =tan! (X)
x x

Note: For a given complex number, there will be
infinitely many possible values of the
argument, any two of which will differ by a
whole multiple of 360°.

To avoid confusion we usually work with the value
of 6 for which —m < 6 <m or —180 < 6 < 180.
This is called the principle argument of z denoted by
arg z.

In practice the formula tan 6 =~

0 =tan! (%)

Which is often used to find the principal argument of
a complex number z, despite the fact that it tends to
two possible values for 6 in the permitted range. The
formula is necessary but not sufficient to help us
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obtain the arg z. The correct value of arg z is chosen

with the aid of a sketch.

Example
Find the principal argument of the following
complex number

(@W1+i B)—-1-ivV3 ()-5

(d)—V3+i (e)V3—i

Solution

Considerzz =1+
Im axis

S

1 Realaxis

1
6 =tan~?! (I) = 45°
Since 180° = m radians
_ 451 T

180 4

= argz; = 45°
4572' T
argz =— =-—
95~ 780 T3

(b) Letz, = =1 — i3

Im axis

&

(N

_1i /91

Real axis

N

-3+

tanf = —
an 1

0 = tan?! <§>
1
6 = 60°
argz, = 0,
= argz, = —120°

OR argz, = —%n

Im axif

/R

-5 Real axis

Z3 = —54+0i
argzz = 180° or argzz =1

(d) Let z, =—V3+i

\150°
0

-3 Real axis

1
6 =tan?! (—) = 30°

V3
Z4, = —\/§ + l
arg z, = 150°, from the sketch above
(e) V3—i
Zg = \/§ —1i
Im axis
4 \/3i Re axis
[ | I I
1
tanf = —
3
6 =tan™?! ( ! ) 30°
= tan — ) =
V3
arg zs = —30° from the above diagram

Properties of Arguments

Given the two complex numbers z; and z, then
arg(z,z,) = argz, + argz,
z

arg (z_:) =argz, —argz,
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Example |
Given that z; = —1 —iv3and z, = 1 +i. Find the

arg(z,z,) and arg (i—:)
Solution

z;=—-1-i3

Im axis

) Real axis

6=tan EJ =60°

1
argz, = 6, = —120°

Zo=1+i

[ENY ,

(1
argz, = tan (I) = 45°

arg(z,z,) = argz, + argz,
= —120 4+ 45°
= —75°

Z
arg (—1) =argz, —argz,
Z2
=—-120-45
= —165

Modulus—argument form of a complex
number
(Polar form of a complex number)

Im axis

x  Real axis

Consider a complex number z = x + iy making an
angle 6 with the positive x — axis
argz =0

From the diagram above cos§ == sinf =~

x=rcosf rsinf =y
z=x+1iy
z=rcosf +irsinf
z=71 (cos@ +isinfh)
(modulus argument form a complex number)

Where r = |z| = {/x% + y2

Example
Express the following complex numbers in modulus
—argument

a) 545iV3

by V2+i

C) —§+%i

d) —3v2+3v2i
e) —5i

f) —5-—12i

Solutions
7, =5+ 53

r= ]2 +(V3)

=+25+75
=10
5v3
argz, = tan™! (?) = 60°

7, = 5+ 5iv/3 = 10(cos 60 + i sin 60)

(b) z, =2 +i

22l =7 = |(V2)" + (1)2

V3
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1
argz, = tan™! (ﬁ) = 35.3°

z, =1(cosf +isinb
V3[cos 35.3 + i sin 35.3]
V31

© =% 3!

ﬁ 0 /0 Real axis

argz; = —150°
z3 =1r(cosf + isinf)
z3 = 1(cos —150 + i sin—150)

(@) z, =-3vV2+ (3V2)i

2] = | (-3v2)" + (3v2)

=36
=6

Im axis

—————————— 3V2

_3\/5 Real axis

0 = 45°
arg(z,) = +135°

z4 = 6(cos 135 + isin135)

(€) zs=-5i=0+ —5i

25| = /0 + (=5)2

|zs| = 5

Im axis

ZH Real axis

-5
argzs = —90
zs = 5(cos —90 + i sin —90)
Zg =3+ 4i
r=lzel = (3)* + (4)?
=25
=5

4

0 = tan™! (g) =53.1

Zs = 5(cos 53.1° + i sin 53.1°)

(9) zg = —5-—12i
|z6| = \/(=5)% + (—12)2

=169
=13
0 =tan™?! (12)
=tan™" (—
5
0 =674
z2;=-5— 12i
Im axis
_5§ 0 /91 Real axis
S 12

argz, = —112.6°
|27 = /(=5)% + (=12)?
=25+ 144

=169
=13
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13(cos—112.6 + isin—122.6)

Example 11
z; = 1;(cos B, + isinb,)
z, =1,(cos 0, +isinb,)

Show that
Z1Zy) = 1My (COS(G]_ + 92) + isin(91 + 92))

And 2 =2 (cos(8; — 6,) + i sin(6; — 6,))
Zy T2

Solution
712, = 11(cos 01 + isinf;)r,(cos O, + isinb,)
= 1,1y [(cos 8, cos 0, + cos O, (isinf,)
+ isinf; cos O, + i% sin @, sin 6,)]
= 1ry1y[(cos 8, cos 8, — sin B sin G,
+ i(sin 04 cos 8, + cos 6, sin 6,)]

= r1y[(cos(6; + 6,) + isin(8; + 60,))]

z, r(cosd, +icosd))

z,

r,(cosé, +ising,)
_ r(cos@, +ising,)(cosb, —ising,)
r,(cosé, +isin@,)(cos@, —isinG,)

I | cosé, cosd, —icosd sing, +isin g cosd, +sin g sin b,
cos’ @, +sin’ 6,

Il

¢

i

€0s 6, €0s 6, +sin 6, sin 6, +i(sin ,cos, —cos g;sin )
c0s%6, +sin’0,

ol

i:i(cos(01—92)+isin(01—02)

z, T, 1

(as required)

4 Bcos(,-6,) +isin(g, - 6,)
ZZ r2

Example 111
Giventhatz; =141

ZZ = \/§ - l
Find in polar form z,z, and 2*
2
Solution
Zl = 1 + l

|z =12 + 12 =42

(1 T
argz, = tan (I) = 2

zy =11(cos @, + isin6,)
Zy = \/E(cosz+ isinz)
1= 4 4
Zy = \/§_l

lzal =y = |(V3)" + (-1)2

~ Vv
=2
argz, = —30°
T[ .
= 3 radians

n
argz; = -+

Zy, = 2(cos—z+ isin—z)
2 6 6
7125 = 1113(cos(8, + 6;) + isin(6; + 6;)

= 2v2(cos (g+ —g) + isin(%+%n)

=22 (cos%+ isin%)

Z1 N ..
— =—(cos(6, — 0,) +isin(6, — 06,))
Zz T

:%ws(g_%")ﬂsm(g_%”)]

Fles() e (35)]

Demoivre’s Theorem
Demoivres theorem states that for real values of n

(cos@ +isin@)™ = (cosnd + isinnh)

Proving Demoivre’s theorem by mathematical

induction
(cos@ +isin@)™ = (cosnd + isinnh)
Forn=1, (cos@ + isinf)! = (cosO + isinh)
It’s true for n =1
Assume the results holds for the general value of n=k
(cos8 + isin8)* = (coskB + i sin k)
It must be true for the next integern = k + 1
(cos@+isin@) " =(cos@ +isind)* (cosd +isin )
= (cos kB + isink6)(cos O + isinh)

= coskB cosf + icoskfsin@ + isinkf cosf
+ i%sin O sin kO

= [(cos k6 cos 8 — sinkf sin0) +
i(sink@cosd +coskdsin 9)]

= cos(k6 + 0) + i sin(k6 + 0)
=cos(k + 1)6 + isin(k + 1)0
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= (cosf + isinf)F+1
=cos(k + 1)6 + isin(k +1)0

For the nextinteger n =k +1 =2
=k=1
(cosB + isin6)? = (cos 26 + isin 26)
Since it’s true for n=1, n = 2 and so on it’s true for all
positive integral values of n.
Example I
. 1 .1 \12
Find the value of (cos—n +i sm—n)
4 4

Solution
(cos@+isind)" =cosnd+isinnd

1 \12
(cos T+ isin— n) =

1
(os 7TX12+lSln4T[X12)

cos3m + isin3m

=-1
Example II
Express (1 — iv3)" in the form a + bi
Solution
(1-iv3)'
Letz=1-1iV3
2
2] = J(? + (—3)" =
argz = —60
_ T
-3
__T
argz = 3

z =r(cos 6 + ising)

zZ= Z(COS—E-i—iSin—E))
3 3

4

z4 =24 (cos—g+isin—g)

=16(cos=4= +isin=4z)
1 3
6< 2+ > l>
= -8+ 830

Example 111

Evaluate ;3
(1-iv3)

Solution:
1

1-iV3
Let z = (1—iV3)

2] = 12+ (—3)°

=(1-i3)"

=2
@
argz = 3
. T[ PR T[
(1—1\/§)=2(cos—§+151n—§)
. -3 : T M3
(1-iV3) =23(cos—§+lsm—§)
1 T 34 isi T 3
—g(cos—gx— +Lsm—§><—)
1
=3 (cos+m + isin+m)
1
-8
Example IV

Express V3 + i in modulus —argument form. Hence
find
(V3 + )1 and - in the form of a + bi
(V3 +1i)
Solution
Let z=+3+i

2= J(V3) +1=2

argz = E

zZ= 2(cos%+ising)

(V3+ i)lo = 210 (cos (10?71) + isin (10?71))

1024 i(1024)V3
2 2
=512 — 512+/3i

1
(\/__H) (\/_+l)

= <2 (cos% + isin g))

s i
= 2‘7(cos—7xg+isin—7xg)
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cosﬁ+|5|nﬁ)

128(

\/§+1_
256 ' 256"
V31

= 256 T 256"

Example V
Express (-1+i) in modulus — argument form. Hence
show that (=1 + i)° is real and that

1
Solution
z=—-1+i

2| = /(-1)? + 12

V2

argz = 135°

z =V2(cos 135 + i sin 135)

16
7% = (V2)" (cos 135 x 16 + i sin 135 x 16)

is pure imaginary.

= 256(cos 2160 + i sin 2160)

= 256(1)

= 256

= (—1+ i)' =256 Soitis purely real
As required

1

Crep -

275 = (V2) *(c0s 135 X —6 + i sin 135 X —6)

Lol
g0+ =gt
= z7%is purely imaginary.

Example VI

a) (cosf +isinf)?(cosh + isinh)3
b) __r
(cosB+isin@)2
cosO+isinf
) (cosB+isin@)*
d) (cosln—7+i sin%)8

us PR [ 9
(COS——l sm—)
17 17

E) (cosO+isinf)(cos260+isin20)

0, . .0
(cos;ﬂsm;)

2m . . 2m\8
cos=—+isin=—
f) ————=2

(COS——l SlIl—ﬂ:)3
5 5

Solutions

(@) (cos@ +isinB)?(cosH +isinfh)3
= (cos@ +isin@)*"
= (cos@ + isinH)>
= (cos 560 +isin56)

1

(cos@+ising)?
= (cos @ +isinf)~2
= cos —20 + isin—26
= cos 260 —isin 260

(b)

(C) cosO+isinf
(cosO+isinB)*

= (cos O + isinB) (cos @ + isinH)™*
= (cosO +isinf)1t~*

= (cos@ +isinf)~3

= cos —360 + isin —360

= (cos 36 — isin36)

(cosZ +isin z)®
(cosZ —isin z)°

(d)

(cosr +isin )"
(cosx +isinz) 7

(cosz +isin n)%‘%?
(cosz +isinz)!

(cos@ +isin@)(cos20 +isin 20)
(cos4 +ising)

(e)

(cos@ +isin@)(cos b +isin B)*
(cos@ +ising)”

(cos@ +isin6)°
(cos@+ising)”

(cos@+isin 6)”
cos30+isin36

8
2T
(COS +isin— 5 )

(COS——l Slns—ﬂ:)3
5 5

(g )
(i) )

(f)

8
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(cos% + isin %)16

(cos% + isin %)_9
(cos g + isin g)le——9
cos (25 X g) + isin (25 X g)

= (cos5m + isin5m)

Example VII
Use De-moivre’s theorem to show that
3tan O — 3tan30

tan36 =
an 1— 3 tan?0

Solution
(cos 30 + isin360) = (cosO + isinh)3
but (cosf + isinf)3 =
= 0530 + 3(isin8)cos?6 + 3(isin6)? cos O
+ (isin )3
= (cos3 0 — 3sin® G cosh) +
i(3sin@ cos? @ — sin® 0)

= cos 360 + isin 360
Equating real to real and imaginary to imaginary;

= sin30 = 3sin cos?6 — sin36 ..... (1)

cos 360 = cos® 6 — 3s5in?0cos B ..............(2)

Eqgn (1) ~ Egn (2)
3sin @ cos?6 — sin36

= tan 36 = cos30 — 3sin?6 cos 0
3sinf cos*d sin*@
tan 30 = cosg%S3 93 sin? Bac)cs)zg
cos3 0 cos3 6
can 30 = 3tand — tan? @
1—3tan?6
Example VIII

Use Demovre’s theorem to show that
4tanf — 4tan30

tan40 =
an 1—6tan?0 + tan* 0

Solution

(cos @ + isin0)* = (cos O + isinH)*

= cos* 6 +4cos®6 (isinf) + 6 cos? 6 (isinh)? +
4 cos @ (isin8)3 + (ising)*

= cos* 0 + (4 cos® 0sin )i — 6 cos?6 sin?6
— (4cos@sin®0)i +sin* 0

= (cos4 0 + isin48)

Equating real to real and imaginary to imaginary
cos 46 = cos* 6 — 6 cos?0sin?0 + sin* 4 .... (i)
sin40 = 4cos30sinf — 4cosBsin3 P ........ (i)
Eqgn (ii) ~ Egn (i)

4 cos3 0 sinO — 4 cos O sin3 6

tan40 =

an cos* 0 — 6 cos?0sin20 + sin* 0
4cos®Osinf  4cosfsin®6

_ cos* @ cos* 6
tan 46 = cos*8  6cos?6 sin?f | sin* @
cos* 9 cos* 9 cos* 8

and = 4tanf — 4tan3 0
ansy = 1 — 6tan260 + tan* @

Example IX

Show that

1
Zn+z_": 2 cosnb

n

1 .
z —Z—n=2151nn9

Hence show that cos® @ = %(cos 46 +4c0s260+3)

Solution
z=cosO +isinf
z" = (cosf +isinf)"
= (cosnf + i sinnf)
z7" = (cosB +isinf)™
= cos —nf + i sin —n@
= cosnf —isinnf
1
zn +z_" = cosnb + i sinnf + cosnf — i sinnb
= 2 cosnf
1
n_
ZTL
= (cosnf + isinnf) — (cosnf — i sinnh)
= 2isinn@
1
from z™ + —. = 2cosnf
z
1
z+—=2cosfO
z
n

1
Z _z_”= 2isinn@

1
z——=2isinf
z
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1
Z+—=2cosf
z
14
<Z+E) = (2cos 9)*
4
But (z+13)
2 3

24+ 473 G) + 627 G) +4z (%) * @

1 1 1\*
<z4+—4)+4(zz+—2)+6=(z+—>
Z Z Z

2cos4 60 +4(2cos260) + 6 = (2cosh)*
16c0s*8 = 2cos4 6+ 4(2c0s26) + 6

4

1
cos* @ =E(2cos49+8c0529+6)

1
cos*0 = §(cos 40 + 4 cos 20 + 3)

Example XI
Given that z = cos 8 + i sin 8 show that

n

1 .
z —Z—n=2151nn9

Hence or otherwise show that
1
sin® 0 = e (sin56 — 5sin36 + 10sin §)
Solution

ZTL

1 .
—Z—n=2151n9
1
z——=2isin@
Z
1 5
(z——) = (2isin9)®
Z
1 5
(z—g) =i>(32)sin® @
1 5
(z—;) = (32i x i*sin® )
1 5
(z——) = 32isin° @
Z
5 2

1 1 1
but (z - E) =275 4 52z*% (— E) + 1023 (— E)
3 4 5
2(_1 Syt
+10z + 5z +
z z z

s 1 ; 1 1
=z ——5—5(2 ——3>+10(z——>
z z z

z" —in=2isinn9
z
25—15=2isin50
z
z—1=2isin49
Z

IS
(z - E) = (2isin)°>
2isin50 — 5(2isin360) + 10(2isin ) = 32isin>
1
sin®> 0 = §(2 sin50 — 10sin36 + 20sin )

1
sin® @ = E(sin 50 — 5sin36 + 10sin )

Example XII
Prove that cos® 8 + sin® 6 = %(3 cos 40 + 5)
Solution

1
z"+—n= 2 cosnf
z

1
zZ+—=2cosf

z

6

1
(Z +—> = (2cos9)°
z
1 6
<Z+E) = 64 cos® 0
o+ =05 () 150 () +
0 () +150) s + ()
6 1 4 6 2 15
=<Z +_6)+(6Z +—4>+(152 +—2)+20
z z z

= 2cos 66 + 6(2cos40) + 15(2cos20) + 20
= 64c0s°0 =2cos60 +12cos46 + 30cos20 + 20
64 cos® 6 = 2 cos 66 + 12 cos 46 + 30 cos 26

F 20 e e e e e e e (1)
1
(z——) = 2isin@
VA
1 6
(z - —) = 64i®sin® 0
VA

1\6
(Z——) = —64sin® 6
z

But
(z - i)é =2z% + 62° (— i) + 15z* (— §)2 +

s 1\3 o 1\* 1\° 1\°
202° (=3) +1522 (=) +62(~3) +(-3)
1 1 1
=(26+—6)—6(z4+—4)+15(22+—2)—20
z z z
= 2cos 66 — 6(2cos48) + 15(2 cos20) — 20

= 2cos68 —12cos48 + 30cos 26 — 20
= —64sin® 0
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—645sin®0 = 2 cos 60 — 12 cos 40 + 30 cos 26
20 (2)
Eqn (2) — Ean (1)
= 64 cos®0 — —64sin® 0 = 24 cos 46 + 40

8
cos® @ +sin® g = a(B cos 40 + 5)

1
cos® +sin® g = §(3 cos 40 + 5)

Solving Complex Equations

Given that x and y are real numbers. Find the values
of x and y which satisfy the equation.

2y +4i y
2x+y_x—i
Solution
2y + 4i y
2x+y_x—i_0
2y+4t y
2x+y  x—i
2y+ai _ y XA
2x+y xX=i ¥ 4i
2y+4i  xy+iy
2x+y  x2+1
2y 4i xy yi
2x+y+2x+y:x2+1+x2+1

Equating real to real and imaginary to imaginary

2y Xy
= = T ¢ |
2x+y x?2+4+1 M
4 y
== SVRPUU ¢
2x+y x-+1

From equation (1)
2y(x? +1) =xy(2x +y)
2x%y + 2y = 2x%y + xy?
2y —xy?=0
y2—-xy)=0
y=0orxy=>2
From Eqgn (2), 4 = zy
2X+y Xx°+1
42 + 4 =2xy +y?
Fory=0,4x*+4=0
x*+1=0
x2=-1
X2 =2
X =i

For xy = 2, y=E
X

:>4x2+4:4+i2
X

4m—i=0
m
Am?>—-4=0
-1=0

(m+1)(m-1)=0

m=1 m=-1
Whenm=1,x*=1 = x=+1
Whenm=-1,x*=i? =X = =i

Xy =2
Ifx=1,y=2
Ifx=-1,y=-2
Ifx=i,y=-2i
Ifx=-i,y=2i
Example 11
Find the values of x and y in
x y  6+2i
2+3i 3-2i 1+8i
Solution
x y  6+2i
2+3i 3-2i 1+8i
x(2 — 3i) y(3 + 2i)
2+3i(2-3i)) (3-20)03+20)
_(6+2)(1-8i0)
(14 8i)(1—8i)
(2x —3xi) By +2yi) (6—48i+2i+16)
13 13 65
2x—3y 3x+2y. 22 46,
13 13 ‘"5 65
2x—3y 22
13 65
5(2x — 3y) = 22
10X — 15V = 22 ets v cee eev s e e e e (1)
Similarly, 3x+2y 26

65
5(3x + 2y) = 46
15x + 10y = 46 .. e (2)
Solving eqgn (1) and egn (2) 5|multaneously
= x=28 y=04
Example 111
Find the values of x and y if ﬁ + % =244i
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Solution

A S S,
141 2—i !

y(2 +1i)

x(1—1)
A+da-i) C-H2+D)
x—xi 2y+yi
2 T
5(x —xi) +2Qy +yi) =2+ 4i
5x — 5xi + 4y + 2yi = 20 4+ 40i
Equating real to real and imaginary to imaginary;

=2+4i

=2+4i

S5x+4y=20............... @)
2y —=5x=40............... 2
Solving Egn (1) and Eqn (2) simultaneously;
y =10
x=—4
Example IV
Find the values of x and y. given that
xi  3x+4i
1+iy x+3y
Solution
xi(l—iy)  (Bx+40)

1+iy)(1—iy) x+3y
xi+xy 3x+4i

1+y2  x+3y
xy xi 3x 4i
+ = +
1+y2 1+y?2 x+3y x+3y
xy  3x
= T y2 — x g gy s (D
x 4
15572 =TT Gy (2)
From equation (1)
x%y + 3xy? = 3x + 3xy?
= x%y = 3x
=>x2y—3x=0
x(xy—3)=0
x=0 orxy=3
From eqn (2)
x2+3xy=4+4y% ... (3)
Whenx =0, 0 = 4 + 4y?
-1 = y2
y=d=i

When xy =3

y=;

Substituting y = % and xy = 3 in Eqgn (3);

3 2
x? +3(3):4+4(—j
X
x2+9:4+3—(25
X
, 36
x“+9 ::4'+'fz
x
36
Xz ——2+5 =0
x
let x> =P

P 36+5—0
b =

P?—-36+5P =0
P2+5P—-36=0
P+9)(P-4)=0
(x?+9)(x*2-4)=0
x?—4=0 = x=+42

x=2, x=-2
When x = 2, yzg
When x = -2, yz—g
x2+9=0
x?=-9
x = +3i
when x = 3i
3 1
T
y=—i
when x = —3i
y =+
Example V

; P
If z is a complex number such that z = — + ——.
2—-1 1+3i

Where pand g arereal. If |z| =7,arg P = % . Find the
value of pand q.

Solution
p q
2= it 113
P(2 +1) q(1 - 3i)

T 2D+ (A+3D0=3)
_2p+Pi+q—3qi
5 10
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Z=2(2p+ pi)+q—3qi
10

Z:4p+2pi+q—3qi
10

,_Ap+q+(2p-30)i
10

2P — 3q
/ 10

[ 2p | n
argz = tan™ ! Atrg I
10 2

n

2

\/(uizq)z + (Zpl‘()3q)2 =7 i,

Substituting q = -4p in Egn (1)

2
0’ +(14—pj =7
10

14p
o=
p:
qg=-4x%x5
q=-20

Example VI

Given that (1 + 5i)p—2q =3 + 7i, find p and q
(a) When p and g are real

(b) When p and q are conjugate complex numbers
Solution

(@) (145)P—2q=3+7i
P+5Pi—2q=3+7i

P—2q+5Pi=3+7i

P—2g=3 ... (1)
SP=7 )
From Eqgn (2),

p=1

5

7

! 3=2

5 =<q

8—2

5 =44

_ 4
=75
L7 4
P—Sr q_ 5
(b) Let p=x+1iy
q=x-—1iy

A+5D)(x+iy)—2(x—iy) =3+7i
x+iy+5xi —5y —2x +2yi=3+7i
(x—5y—2x)+(y+5x+2y)i=3+7i
(—x—5y)+ By +5x)i=3+7i

—x—5y=3
X==3=5Y e, Q)
B3Y+5X =7 o 2)

Substituting Egn (1) in Egn (2)
3y+5(-3-5y)=7
3y—15—-25y =7

—22y = 22
y=-1
x=-3-5(-1)
x=-3+5
x=2
p=x+iy
p=2-—i
q=2+1i

Square root of Complex Numbers
Example |

Find the square root of 35 — 12i

Solution

Let V35 —12i = x + iy
(«m—1mf=(x+wy
35— 12i = x? + 2xyi + i%y?
35 —12i = x2 — y% + 2xyi
=>x2—-y2=35
2xy = —12
Xy = —6

6

y=—;

XZ—F:35

x* — 36 = 35x?

x*—-35x2-36=0
Let x2=m

m?—-35m—36=0
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(m—-36)(m+1)=0
(x2-36)(x>+1)=0

But x is real
=>x?-36=0
x==6
Whenx =6

y=-1
when x = —6, y=1
=35 -12i=6—i
orv35—12i = -6+

6
y=—x

Example VIII
Find the square root of 5 — 12i
solution
Let V5 —12i = x + iy
5—12i = (x +iy)?
5—12i = x? + 2xyi + yi?
5—12i = x% —y? + 2xyi
Equating real to real and imaginary to imaginary;
Sx2—y2 =5 . (1)

(x?)? — 36 = 5x?
let m = x?

m? —36 =5m
m?—-5m—36=0
m—-9)(m+4)=0
(x2-9)x%2+4)=0

x>=9
x =43
whenx =3, y=-2
when x = =3, y=2
V5 —-12i =3 - 2i
orVv5 —12i =3+ 2i

Example IX
Findtherootsof z2 — (1 —i)z+7i—4 =0

Solution
_—bb®—4ac

2a

z

L -02J0 -0 -4WTi-4)

2x1
1-itVI—2i-1-280+16
Z= 2
1-i+16—30i

2

But +16—30i =a+bi
16 — 30i = a? + 2abi — b?
a’?—-b’>=16
2ab =-30
ab=-15
15
b

2
[Ej _b2=16
b

%—bzzm
Letm=Db?
&—m=16
m
m? + 16m —225=0
m=9, m=-25
b>=9
b=4+3
ab=-15
a=5
Whenb=-3, a=5
Whenb=3, a=-5
a+bi=5-3i, -5+3i

J16—30i = +(5-3i)

1-i+(5-30)

Z= 2
z=3—-2i
z=-2+1i

Example X
Show that 1 + 2i is a root of the equation
223 —2z24+4z+15=0

Solution
z=1+42i
z%2 = (1 + 2i)?
=1+ 4i + 4i?
=—-3+4i
z3=zx2z%=(1+2i)(=3+ 4i)
=-3+4i—6i—8
=—-11-2i
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278 -7+ 47+ 15
=2(=11—2i) — (=3 + 4i) + (4(1 + 2) + 15
=—-22—-4i4+3—-4i+4+8i+15
=—-22+22-8i+8i
=0+0i
=0
= 1+ 2i is a root of the equation.
Since z = 1 + 2i is a root of the equation
223 —7244z+15=0
The complex conjugate Z = 1 — 2i must also be a
root of the above equation
= 1 — 2i = z is also a root of the equation
223 —7244z+15=0
223 -2z +4z+15=0

z=1+2i
z=1-2i
Sumofroots=1+2i+1—2i
=2
Product of roots = (1)% — (2i)?
=14+4
=5
z? — (sum of ) z + product = 0
roots

z2—-2245=0
=272 —2z+5 isafactor of 223 — z2 + 4z + 15

2z+ 3

72 — 2745|223 —2z%2+ 42+ 15

273 —47% + 10z

3z%2 — 62+ 15
3z%2 —6z+ 15
0

(2z+3)(z?—-2z+15)=0

3
Z=—§ z=1+4+2iandz=1—-2i

Example XI

Given that 2 + 3i is a root of the equation

z3 — 62% + 21z — 26 = 0. Find the other roots
Solution

z=2+3i isaroot = z =2 — 3iisalso a root of

the equation z3 — 622 + 21z — 26 = 0
Sumofroots=2+3i+2—3i
=4
Product of roots = (2 + 3i)(2 — 3i)
=22 — (3i)?
=4+9
=13

= z%2 — 4z + 13 is a factor of
73 —62z2+4+21z2—-26=0
z—2

72 — 4z +13 |23 — 622 +21z—26

73 — 472 4+ 13z

—2z%24+82z—26
—27% +82z—26
0

=(z—-2)(z2—-4z+13)=0
>z=2,z=2+ 3iand z = 2 — 3i are roots of

equation of z3 — 622+ 21z—26=0

Example XI1

Show that 1 + i is a root of the equation
z* + 322 — 6z + 10 = 0. Hence find other roots

Solution
z=1+1i
2=1+2i+1i
z2=142i—-1
z2 =2i
Z3 = ZZ.Z
=2i(1+41)
=2i—2
z* = (2%)% = (20)? = 4i?
=—4
= z*+3z2-62z+10
=(—-4)+3QRi)—6(1+i)+10
=—44+6i—6—60{+10
=-10+ 10 + 6i — 61
=0+0i
=0
z =141 isaroot of the equation
= 1 —1i isalso aroot of the equation
Sumoftheroots=1+i+1—1i
=2
Product of roots = (1)? —i2 =2

z? — (sum of roots)z + product = 0

72 =2742=0

= z%2 — 2z + 2isafactor of z* + 3z2 — 62z + 10
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z2+2245

72— 274 2|z¥4+ 322 —-62+10

74 — 273 + 272
223 4+ 72 — 62410

273 —47°% + 4z
5z%2 — 10z + 10
5z%2 — 10z + 10

0

(z2-2z+2)(z*+2z+5)=0
=z2+2z+5=0

2-22+2=0
—i/ 2_
Forz2+2z+5=0, 7= —2=N(2)" ~4xIx5
4x1
_ —2+1622
Z= 2
144
=7
Zz=—1+2i
z=-1-—2i

=-1+2i,-1-2i,1+1i,1—iare roots of the
equation z* +3z2 —6z+10=0

Example X111
Show that 1 — i is a root of the equation
4z* — 823 + 922 — 2z + 2 = 0. Find the other
roots.
Solution
z=1-1i
z? = (1-10)?
=1-2i+i?
= =2
z3=z%z
=—-2i(1—1)
= —2i +2i?
=-2-2i
74 = (22)2 — (—2i)2
=—4
4z* —8z3+9z%2 —2z+2 =
4(—4)—8(=2-20)+9(=2i)—2(1—i)+2
=-164+16+16i—18i—2+2i+2
=0+0i=0
Since z = 1 — i is a of the equation and it implies
that 1 + i is also a root.
Sumofroots=1—i+1+1i
=2
Product of the roots = (1 + i)(1 1)

12 —i%=2
=22—-(22)+2=0
= z%2 — 2z + 2 is a factor of
z¥—8z3 4922 —2z+2=0.
4z% +1

72— 27+ 2|4z% —823+922 — 22+ 2

47% — 873 + 822

22-27+2

22-27+2
(z2-2z4+1)(4z>+1) =0
1

472 = —1 Z=——
Z VA 2

1 1
:>Zzzzi2, Zzizl

Example XIV

Given that z =2 — i is a root of the equation
z3—3z%2+z+k =0, kisreal. Find other roots.
Solution

z=2—-1

z2 =(2—1i)?

=4 —4i+i?

=3—4i

z22=02-13-40)

=6 — 8i — 3i + 4i?

=2—-11i
=>2-11))—-3B3—-4)+2—-i+k=0
2—11i—94+12i+2—-i+k=0
—-11i+11i+4-94+ k=0

0—-5+k=0
k=5
23-322+2z+5=0
z=2-1i
z=2+1i
z=2-—1i
z=2+4+1i

Sum of roots = 4

Product of roots =5
z2 —4z+5 =0 is a factor of
z3—-3224+z+5=0

z+1
M—3zz+z+5
z3 — 47?2 + 5z
z2 —4z+5

(z+1)(z2—4z+5)=0
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z+1)=0z=-1
=>z=-1, z=2+1i, z=2-—1i areroots of the
equation z3 —3z2+z+ k=0 where k=5

Example XIV
Solve for z;and z, in the simultaneous equations
below

z1+(1—-i)z, =0
3z,—3z,=2-5i

Solution

21+ (1 -1z =0 e eev e e (1)
32— 32, =2 =50 e e e v v e e e (2)
From eqn (1)

2z =—(1-1)z,

substitute in eqn (2)

3z, — 3[(=1(1 — i)z,)] = 2 — 5i
32, +3(1— i)z, = 2 — 5i

3z, —3iz, + 3z, =2 -5i

6z, — 3iz, =2 —5i

2,(6 — 3i) = 2 — 5i

2 -5

2= 3
(2= 506 +30)

%2 =6 -30)(6 + 30

12 + 6i — 30i + 15
%= 36+ 9

27 — 244
2= "5

9 - 8i
2=5

9 8
2=15" 15
z;=—(1-10)z,

n=-(0-0(5))

9-8i—9i—-8
(A

15

1-17i

Zl:_< 15 )

—1+17i

AT

1 17i

AT TS
Example XV

Solve the equation z3 -1

Solution
z22—-1=(2)3%-)3
=(z-1D(E%*+z+1)
Since a® — b3 = (a — b)(a? + ab + b?)
22—-1=0Z-1DE*+z+1) =0

z=1
Z24+2z4+1=0
G ORI
2x1
~1£3i%
2=
1 (V3)i
AR
1 V3,
Z_—E—7l
1 4B 1 VB
Z—1,Z —E+T, Z——E—T

Alternatively we can use Demovre’s theorem
z2—-1=0
z2=1
z3=1+40i
z=(1+ Oi)%
letP=1+0i
IPl=v1=1

(9
argP = tan (I) =0

P = r[cos(0) + isin(0)]
P =1(cos0 + isin0)

z=P*
1
z = 13(cos(0 + 360n) + i sin(0 + 360n))
Forn=0,1,2..

(Depending on the number of roots you want)
1 1
Forn=0, z = 13(cos(0 + 360) + i sin(0 + 360))3
1
z = 13(cos 120 + isin 120)

2772
_ 1+\/§l
=737

1 1

Forn =1, z=13[cos(0+360x1)+isin(0+360x1)]®
z = 1(cos 120 + isin 120)
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__1. V3
zZ = ) 21.

1 1
Forn=2, z=1%[cos(0+360x 2) +isin(0+360x 2)]*

z = 1(cos 240 + i sin 240)

1 V3,
Z=—5=51
1 3. 1
=>z=1, Z=—E+71, Z=—E——l
Example XVI
Solve: z3+ 27 =0
Solution

z3+33=(z+3)(z%+32z+9)
From a3 + b3 = (a + b)(a® + ab + b?)
=2z3+33=(z+3)(z?+32z+9)
z=-3
z243z+9=0
_ —314/32-4(1)(9)

7 =

2
-3 +£V27i?
Z=——
2

_ 4 _3+3\/§i
EET IETRTT

Alternatively, we can use Demovre’s theorem
z22+27=0
73 =-27

1

z= (=27 +0i)3

let P =-27 4+ 0i

|P| =/(=27)2 + oi)
=27
argP = 180
P = 27(cos180 + isin180)

1 1 1
z = P3 =273(cos 180 + i sin 180)3

1 1
z = 273(cos(180 + 360n) + i sin(180 + 360n))3

1 1
Whenn =0, z = 273[(cos 180 + i sin 180)]z
z = 3(cos 60 + i sin 60)

1 i3
=3<E+T>

1
Forn=1,z = 273[(cos(180 + 360 x 1) +

1
i sin(180 + 360 x 1)])3
z = 3(cos 180 + i sin 180)
z=-3

1
Forn =2,z = 273[(cos(180 + 360 x 2) +

1
i sin(180 + 360 x 2)])3
z = 3(cos 300 + i sin 300)

_3+ 3V3
~2 2 !
3 3
== ——4/3i
> 2\/_1
Z=—3,Z=§+i§i andz—z——3i
2 2 2
Example XVII
Solve the equation
z"+1=0
z*=-1+0i
1
z* = (-1+0i)%
letP=-1+40i
|P| =1
argP = 180

P = 1(cos 180 + i sin 180)
z= P% = 1%[(cos(180 + 360n)

+ isin(180 + 360n))]%
Forn=0, z= 1%(cos45 + isin45)

z= 1%(cos 540 + isin 540)%
z = 1(cos 135 + isin 135)
—V2 V2
-2 T2
Forn=2,z = 1%(cos 900 + isin 900)%
z = 1(cos 225 + i sin 225)
N3
=2 7
Forn=3

VA

7 =

1 1
z = 1%4(cos 1260 + i sin 1260)4
z = 1(cos 315 + isin315)

R
2= 5
Forz*+1=0
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V2 V2. V2 V2. VZ V2. N2 2.
z=—+—i, ———i, ——+—1i, ————
2 2 2 2 2 2 2 2
Example XVIII
Find the fourth roots of -16
Solution

7 =(-16)"* = (16 + 0i)**
LetP = —16 + 0i
1 1
z=P4+=(-16+01)*
|P| =16
argP = 180

1 1
z = P4 = 164[(cos(180 + 360n)

+isin(180 + 360n))]%
Forn=20
z = 2(cos 45 + isin45)
z =2 +2i
forn=1
z = 2(cos 540 + i sin 540)
z = 2(cos 135 + i sin135)

=—V2+iV2
Forn =2,z = 2(cos 225 + isin225)

=—V2-iV2
Forn=3,z = 2(cos 315+ isin315)

z=+2-+2i

= Forz=(-16+ Oi)%
2 =7 - (V2)i,~VZ + (V)i
VI+(V2)i, - (V2)i

Example XIX
Find the cube roots of 27i

1
z=(0+27i)3

let P =0+ 27i
|P| =+/02 4 272
=27

N 27
I s o1 (F) =90

P 5 27(cos 90 + i sin 9N
1 o1

7z =

n=1
z = 3(cos 150 + i sin150)

forn =2
z = 3(cos 270 + isin270)
= -3i

Loci in the complex plane
What is a locus

A locus is a path possible position of a variable point,
that obeys a given condition. It can be given as
Cartesian equation or it can be described in words.

Example |

The complex number z is represented by the point P
on the Argand diagram.

Giventhat |z — 1 —i| = |z — 2| find in the simplest
form the Cartesian equation of the locus

Solution
lz—1-i| =|z-2]
letz=x+1iy

Ix +iy—1—i| =|x+iy— 2]
lx =14+ (y—1i| =|x -2+ iy|
Vo =12+ (- D2 =/(x—2)? +y?
-1+ -1 =(x—2)%+y?
x2—2x+14+y?2-2y+1=x*—4x+4+y?
—2x—-2y+2=—-4x+4
2x—2 =2y
y=x-—1

The locus is a straight line with a positive gradient
y = x — 1) which can be represented on the complex
plane.
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Example 11
Given that |z — 2| = 2|z + i|. Show that the locus of

P isacircle.
Solution
|z —2| =2|z+i]
Letz = x + iy
|x +iy—2| =2|x + iy +i|

[(x—2) +iy| =2]x + (y + 1)i]

Jax—2)2+y2=2/x2+ (y+1)2
(x—2)2+y2=4(x2+ (v + 1)?)
x2—4x+4+y2=4x2+4y?+8y+4
0 =3x2+3y%+4x+8y

4 8y
2 2 _ =0

x“+y s+ 3x + 3
This is sufficient to justify that locus is a circle.
Comparing x? + y? + gx + S?y = 0 With

x2+y2+29x+2fy+c=0

4
3
_ 2
973
8y
3

2g =

_ 16
"= 1979
|0
"= |9
2
N
r 3\/_

Im axis

Real axis

Example 111
Show the region represented by |z — 2 +i| < 1
Solution
Letz=x+1iy
[x +iy — 2+
Ix -2+ @+ il <1

Jae=-2)+@F+1)2<1
x—22+@+1)2<1

It’s a circle with centre (2, -1) and radius less than 1.
It can be illustrated on the argand diagram

\

/)

g,

In order to represent (x — 2)? + (y + 1)?2 < 1 on the
diagram, we can either take a point inside the circle
or outside the circle as our test point.

Taking (2,-1) as the test point.
>02-22%+(-1+1%<1
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0+0<1

0<1

(2, —1)(the point inside the circle satisfies our locus).

It implies that (2,-1) lies in the wanted region.
Therefore, we shade the region outside the circle.

Example IV

Given that

z—1

z+1]

find the Cartesian equation of the locus of z and
represent the locus by the sketch on the argand

diagram. Shade the region for which the inequalities.

z—1
z+1

> 2

Solution

z=x+1iy
x+iy—1)
x+iy+1l

(x—1+1iy)
x+1)+iy

lx—1+iy|
|(x +1) +iy|

[(x — 1) +iy| =2|(x + 1) + iy]|

Jax—12+y2=2/(x+1)2 +y2
(x—1D%?+y%2=4((x+ 1? +y?)
x2—2x+14+y?=4x*+2x+1+y?)
3x2+3y2+10x+3=0
10
x2+y*+—x+1=0

3
The locus is a circle comparing

) , 10 _
x“+y +?x+1=0w1th
x2+y2+2gx+2fy+c=0
10 5
2g=?, g=§, 2f =0and f =0

Center (2, 0)

r=4g*+f%-c

7

Example V
Shade the region represented by |z — 1 —i| < 3
Solution
Note: Shade the region represented by |z —1 —i| < 3.
Implies that we shade the wanted region.
Letx + iy
[x+iy—1—-i] <3
Ix—1+i(y—1)| <3
Jax—-1D2+(y-1)2<3
(x—12+(xy-1)2%<9
It is a circle with centre (1, 1) and radius less than 9

N\
Im axis

N

>
Real axis

Taking (1, 1) as our test point
1-1%+ (1 —-1)2
(0+0)<9
=The region inside the circle is the wanted region.

Example VI
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Show that when
( zZ+1i ) —0
‘\z+2) ="
the point P(x, y) lies on a circle with centre
-1, —%) and radius%\/g
Solution

(x+iy+i>_
¢ x+iy+2/)

x+ W+ 1)
x+2+iy

(x+(y+1)|) x+2-iy)|
((x+2)+|y)(x+2 iy) B

x(x+2)—xyi+(y+Dx+2)i+y(y+1)
¢ (c+2)2 + 2

Re[xz X+ Y2+ y (Y + D (X + 2)—xy]ij

(x+2)” +y?

Re

x2+2x+y2+y+[(y+1)(x+2>—xyliJ:

(x+2)* +y? (x+2)* +y°

X +2x+y*+y
(x+2)2+y2
x2+y?+2x+y=0
Comparing with
X2 +y2+ 2x +y =0 with
x2+y?+2gx+2fy+c=0

2g=2,9=1
2fy =y
_1
f_z
¢ (1 1)
centre >
radius =+/g*>+ f?—c
= 1+1 0
a 4
5
2
1
:E\/E

Example VII
Given thatz = x + iy . where x and y are real.

Show that Im( ) =0

is equation of a straight line

Solution
m(x+.iy+i ) -0
x+iy+2

)

m{(x+(y+1)i)(x+2)—iy} _

(X+2+iy)(x+2-iy)

x(x+2)—xyi+(y+Dx+2)i+y(y+1)
m( (x + 2)? + y?
=0
—xy+ @+ Dx+2)
(x +2)? + y? -

—xy+xy+2y+x+2
(x+2)%2 + y? B
2y +x+2=0

- X1
y=73

Which is a straight line with a negative gradient.

Loci in and diagram for arguments of complex
numbers

If arg(z — A) = a is the equation of half line with
end point A inclined at an angle « to the real axis

N
Im axis P(x,y)
a
A
< >
U Real axis
v

Example |
Sketch the loci defined by the equation

arg(z—1-2i) = %n

Solution

z—1-2i=z—-(1+2i)

Thus if A is a point representing 1 + 2i

arg(z — (1 + 2i))is the angle AP makes with the
positive real axis. Hence the equation arg(z — 1 —
2i) = in represents the half line with end point (1,

2) inclined at angle in to the real axis.
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N

Im axis P(x,y)

1, 2)

N
. ”
Real axis

N
=

Example 11
Sketch the locus of the equation.

2
arg(z +2) = —3m

Solution

2
arg(z+2) = — 3

z+2=(2z- -2)
Thus A is a point (-2, 0). Arg(z-2) is the angle AP
makes with the real axis. Hence arg(z — —2) =

- %n represents a half line with end point (-2, 0)

. . 2 .
inclined at angle 37 measured clockwise from the

positive axis.
N
Im axis
A
< >
-2,0) Real axis
2
3 T
P(x,y) \\/
Example 111

Show by shading the region represented by

%n <arg(z—2)<m
Solution
The equations arg(z — 2) = gn and arg(z — 2) =
7 represent half lines with end point (2, 0). Hence the
inequalitygﬂ <arg(z—2)<m
Represent the two lines and region between them

V4

>
A Real axis

Example IV
Sketch the separate argand diagram the loci defined

by
1
(Darg(z+1-3i) = —gn

1
(i)arg(z+2+1i) = En
Solution

1
(arg(z+1-3i) = —gm

z— (1430 = —%n

Thus A is a point (-1, 3)

Arg(z — (-1 + 3i) is the angle AP makes with the real
axis Hence arg(z + 1 —3i) = —%n
is equation of the half line with end point (-1, 3)
inclined at an angle of%n measured clockwise from
the real axis

P

A(-1, 3)

Real axis
7

N

1
(i)arg(z+2+1i) = En

1
arg(z —(-2- i)) = En
Thus, point Ais (—2,—1).
arg(z — (-2 —1)) is the angle AP makes with the real
axisand arg(z + 2 +1i) = %n is the equation of the
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line through A inclined at and angle of %n to the real

axis
N
Im axis
_ Real axis <
N 7
s
L2 __ | ____.
(=2, -1
\4

Sketching of loci involving arg (g) =Y

Equation involving arg( )are more difficult to
interprete. If arg(z — a) = «,

arg(z —b) = farg(-—) = v,

arg(z—a)—arg(z—b) =y
a—B=y. y=(a—p)=x2mif necessary

Thus y is the angle which the vector AP makes with
the vector BP.

If the turn from BP to AP is anti-clockwise the « is
negative

forarg (Z — a) >0

z—Db

3_’/\
Im axis

N

N
7
X

\\Z Real axis

%’/\
Im axis
< >
\/Z Real axis "x

For instance, if arg (S) = %n, then the locus of P is
a circular arc with end point A(3, 0) and (1, 0) such
that ZAPB = >
Similarly if arg (g) = %n then the locus of P is a
circular arc with end points A (-2, 0) and B(0, +1)
such that £ZAPB = %n since both cases the given

arguments are positive, the arcs must be drawn so
that the turn from BP to AP is anti-clockwise.

z+2 1
g (=) =37

Im axi

B(0, 1

Real axis

Example 11
Sketch on different argand diagram the loci defined
by the equations.

(a) arg (Z —_ 1) = ln

z+1 3
ozt
@877 =3
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Solution

ar (Z B 1) — lﬂ Im axis A\
g\z+1/ 73
The locus of P is a circular arc with end point A(1, 0) P -
and B(-1, 0) such that ~ A0, 0) Real axis z
LAPB =3
Im axid
P(x,y)
Example
- zZ s
Find the locus of arg (E) =3
Solution
letz=x+1iy
VA
N arg( — 6) =argz —arg(z — 6)
B(-L, 0) A(3,0) Réal axis z T
= arg(z) —arg(z—6) = 0
s
z—3\ 1 arg(x +iy) —arg(x +iy —6) =
(b) arg( ) =-7 2

z — 20 4
The locus of P is a circular arc with end points (3, 0)
(0,2) such that ZAPB = >

Im axi4

A0, 2)

B(3, 0) Real axis

V
Z
z—4+2i)_§”
VA 1

(c)arg (

e = 2"
Z . . 1 . h d .
arg (m) 1S a clrcle with en pOlntS

1
A(0,0) and B(4, —2) such that ZAPB = P

_ _ T
tan (L) —tan () = >

let A=tan™?! (%)

tan A =X
X

B =tan™! (x { 6)
y

x—6
(4-B) =<
2

tanB =

T
tan(4 — B) = tan (E)
tanA —tan B

= OO
1+ tanA4 +tanB
y y

X x—6
y2
1+x(x—6)
y(x —6) —xy
x(x—6)
x2—6x+y2
x(x —6)
xy — 6y — xy
_ =0
xZ _|_y2_6x
= x2+ y2 — 6x = 0 which is a circle.

= 00

Revision Exercise 1
1. Prove thatif |Z| = r, then ZZ* = r?,
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10.

11.

12.

13.

14.

Express J§ + 1 in modulus-argument form.

. . 1
Hence find (V3+i)*° and ———
(3+i)
forma + ib.

Express -1 + i in modulus-argument form.
Hence show that (-1 + i) is real and that

in the

———— is purely imaginary, giving the value
(=1+1)°

of each.

Simplify the following expression:

(@ COSFZisin )’ (cos +isin )’
(cos 2= +isin 2)* (cos ¥ —isin ¥)?
Find the expressions for cos 36 in terms of cos
0,

sin 30 in terms of sin 6 and tan 36 in terms of
tan 0.

Express sin 56 and cos 56/cos 6 in terms of sin
0.

5tan®—10tan® @ +tan° @

1-10tan®* @ +5tan* @
. By considering the equation tan 56 = 0, show

that tan?(rt/5) =5 — 25

Find expressions for cos 66/sin6 in terms of cos
6 and for tan 66 in terms of tan ©.

Express in terms of cosines of multiples of 6:

(@) cos®®  (b) cos’® (c) cos*d

Express in terms of sines of multiples of ©:

(@) sin®®@  (b) sin’® (c) cos*Osin®0

Prove that cos®0 + sin°0 = 1 (3cos*0 + 5)

Prove that tan560 =

Evaluate

(@) Tsin“ﬁ dg (b)

A
fcos“&sinze dée
0

(a) Express the following complex numbers in a
form having a real denominator.
1 1

3-2i" (1+iy

(b) Find the modulus and principal arguments of

each of the complex numbers Z =1 + 2i and
W =2 — 1, and represent Z and W clearly by
points A and B in an Argand diagram. Find
also the sum and product of Z and W and
mark the corresponding points C and D in
your diagram.

If the complex number x + iy is denoted by Z,

then the complex conjugate number x — iy is

denoted by Z*,

(a) Express |Z*| and (Z*) in terms of |Z| and
arg(2).

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

(b) If a, b, and c are real numbers, prove that if
aZ? + bz + ¢ = 0, then then a(Z*)? + b(Z*) +
c=0

(c) If pand g are complex numbers and q # 0,

*

p) _p~*

prove ( q j B

Find the values of a and b such that (a + ib)? = i.

Hence or otherwise solve the equation z? + 2z +

1—1i=0, giving your answer in the form p + iq,
where p and g are real humbers.

If Z:%(1+i), write down the modulus and

argument for each of the numbers Z, 72, Z3, Z*.
Hence or otherwise, show in the Argand
diagram, the points representing the number 1 +
Z+72+ 73+ 275

If Z=3-4i, find

(i zx (i) zz* (i) (22)*

Simplify each of the following:

(@ B+4i)+(2+3i) (b) (2—4i)-3(-3i)
(b) (2i)° © i

Simplify each of the following:

(@ (2+1)(3-1) (b) (5-2i)6+1i)

(c) 4-3i)(12-10) (d) (3+1i)(2-5i)
Express each of the following in the form a + ib

20 4

@ = ®
2i 1

(c) 1= (d) 1-7
Solve the following equations:
(@ x2+25=0
(b) 2x*+32=0
(c) 4x*2+9=0

(d) x2+2x+5=0

If 3 - 2iand 1 + i are two of the roots of the
equation ax* + bx3® + cx? + dx + ¢ = 0, find the
values of a, b, ¢, d and e.

Find the square roots of the following complex
numbers:

(@ 5+2i

(b) 15+8i

(c) 7-24i

Find the quadratic equations have the roots:
(@) 3i,-3i (b) 1+2i,1-2i
(c) 2+i,2—i (d) 2+3i,2-3i

Find real and imaginary parts of the complex Z
when:
Z

(l) m:1+2|
A A
) 771=7-3

Find the modulus and principal argument of the
following complex numbers
(@ 3i (b) 15 (c) -3i d) -1

160



27.

28.

29.

30.

31.

32.

33.

34.

35.

Find the modulus and principle argument of:

-1-7i
(@) 1+| (b) 4+3i
© F @ &

If Zl and Z, are complex numbers, solve the
simultaneous equations

471 +372=23

Z'+izZ?=6
giving your answer in the form x + iy
Given that 2 + i is a root of the equation
Z3 —11Z + 20 = 0. Find the remaining roots.
Show that 1 + i is a root of the equation x* + 3x
— 6x + 10 = 0. Hence write down the quadratic
factor of x* + 3x2 — 6x + 10 and find all the roots
of the equation.

The complex number satisfies the equation
Z
Z+2
of Z and the modulus and argument of Z.

=2—1i. Find the real and imaginary parts

If Z1 = 4(cos¥+isinZz) and 7=
2(cos% +isin), find % and Z:Z, in the
forma + ib.
If Z,=2C0s % +isin & and Z> =
6(cos == +isin=2)  find:

Z 2
Q) Z, (ii) arg( j(m) 2

(iv) arg (é—ij

One root of the equation Z? + aZ+b=0 where a
and b are real constants, is 2+3i. Find the values
of aand b.

If Z1 and Z2 are two complex numbers such that

|Z1 — Z5| = Z1 + Z3|, show that the difference of
their arguments is % or %”
36. (@) Find the modulus and argument of
(2-i)*@3i-1)
i+3
1+ 7i 17-T7i .
(b) If z, = and Z, =% Find the
moduli Of Zl, 2o, 21+ 7> and Z12Zo.
37. Use Demoivre’s theorem to show that:
‘o 5 o 3
(cos30 +isin30)(cos 8 —isin 6) — o130 —isin130

(cos56 +isin56) (cos 20 —isin 26)°

38.

39.

Use Demoivre’s theorem to show that:
cos 46 = c0s*0 — 6¢c0s?0 sin%0 + sin*d
sin40 = 4c0s°%6 sind — 4cos 0 sin®0

1+sin@+isingY' -
ShOW that (mj =COSFI(%—9)+ISIH n(%—@)

40.

41.

42.
43.

44,

45,

46.

47.

48.

49,

Use Demoivre’s theorem to find the value of
J3-1

J3+1

Find the two square roots of | and the four
values of (-16)%.

Find the three roots of the equation (1 - 2)% =73
If W is a complex cube root of unity, show that
L+W-WHP-(1-W+W?)2=0

Use Demoivre’s theorem to find the four fourth
roots of 8(-1 + i+/3) in the form a + ib, giving a
and b correct to 2 decimal places.
Use Demoivre’s theorem to show that

COSOX - 1 12sin’ + 16sin‘x

COS X
Z —6i

Z+8

representing the complex number Z in the
Argand diagram is a straight line.

Prove that if is real, the locus of the point

Prove that if gz;—ml is purely imaginary, the

locus of the point representing Z in the Argand
diagram is a circle and find its radius

= 2, find the

If Z is a complex number and

equation of the curve in the Argand diagram on
which the point representing it lie.

The complex numbers Z — 2 and Z — 2i have
arguments which are

(i) equal and

(i) differ by 27r and each argument lies

between —m and m. In each case, find the
locus of the point which represents Z in the
Argand diagram and illustrate by a sketch.

50. Show by shading on an Argand diagram the
region in which both |Z -3 —i| > |Z -3 — 5|
Answers
1.
f B
2. @)1, (b) -i (C) S (d) -+~
3. 2(cos%+ising);512—512\/§i,£+ii
256 256
4. 2(cos¥ +isini); 256 — ii
5. (@)1, (b) -1
3
6. 4cos*d— 3cos & 4sin’é, w
1-3tan° 6
7. 16sin°@ — 20sin®@ + 5sin 6, 1 — 12sin’g +

16sin*@
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9. 32costd — 48cos*@ + 18cos?8 — 1, 32c0s’H —
6tan@ — 20tan® 0 + 6tan° 0
1-15tan® @ + 15tan* @
10. (a) = (cos50 + 5c0s36 +10cos),
(b) & (cos70 + 7cos50 + 21cos36 + 35c0s6)
(¢) % (2cos@ — cos30 — cos50)
11. (a)
% (35sin @ — 21sin360 + 7sin@ —sin76),
(c) Z(3sin@ + sin30 —sin50 —sin76)

32c0s%@ + 6¢os =

%(3sin@ —sin30),

12. (@) =, (b)
13, (a)SIBZ',%i (b) 5, 63.4°, /5, -26.6°,3 +i,
4 + 3i.
1 1 -1 -1
15.,a=—~=b=—o0ra=—,b=—
7B R
Z=-1+Fro0rzZ=-1-—
~/§+ﬁ ﬁff
¥ G

16, Y2 450 L ggo: Y2 1350 1 1800
2 2 4

17. (i) 3+4i (i) 25 (iii) -7 + 24i
18.(@)5+7i (b) -13+5i (¢c) -4 (d) 1
19(a)7+i (b)32—7i (c)1—7i(d) 11—13i
20. (@Q)6-2i (b)2-2i (c) -L+i (d) L+2i
21 (@) x50 (b) x=+4i (C)£23i (d)x=-1%2i
22.a=1,b=-8,c=27,d=-38,e=26
23.(a) (3 +2i) (b) £(4 +i) (c) +(4 — 3i)
24. (@A) x*+9=0 (b)x>*-2x+5=0

(c) x*—4x+5=0 (d) xX*-4x+13=0
25 (i) -1, ¥ (ii) &, 2
26.(a) 3, W2 (b) 15,0 (c) 3,-m/2 (d) 1, w
27.(a) 1, -m/2 (b) V2, 2=, (c) 42, 1.25
28.2+3i 19.2-i,-4
31. (i) Re(2) =-3, Im(2) =-1 (ii) V10, -2.82 rads
32. 1+ 3i; 42 + 42
33. (i) 1/3 (ii) & (i) 3 (iv) =

34.-4,13
36.(a) 5, 0.6435rad (b)5, 6.5, 2.061, 32.5
+(1+ i) .
41. 22 +iV2
V2

42. 1,11 +iV3). 44, +(L.73+i), + (1 —1.73i)
47. centre ¥ + i, radius /7

2
48. (x+§) +y2:E
3 9

49. (i) x+y=2 (i) (x—1)2+ (y - 1)?=2

Exercise 2
Show on the Argand diagram the region represented
by the following:

1. argz= ¢m,
arg(z—i)= tm
arg(z+1-3i)=gm
argz-3+2i)=m
argz+2+i)=3m
arg(z—-1-i)=-1m
z+1]=z-3|,

lz| = |z - 6i|

Z—i

z-1 =1

10. (a) arg(i—;ﬂ:%ﬂ

z-3) Z .
11. (a) arg(z_zlj—zﬂ' (b) (mj—iﬂ'
In questions 12 to 24 find the Cartesian equation of
the locus of the point P representing the complex
number z. Sketch the locus of P each case.
12. 2z+1|=z-2]
13. [z + 4i| = 3|z 4|

© ON o Ok~ wDd

Z | _
14, —— = 5
Z+i | _
> m‘ =1
Z | _
16. 758 © 5
z-1 | _,
17 m‘ =3
18. z—5=1Ai(z + 5), where A is a real parameter
19. zzt22| = Ai, where A is a real number.
20. z = 3i + A(2 + 5i), where A is a real parameter.
21. Im(z%) =2
22.Re () =1

23. Re(z —%) =0

24. Im(z +§j =0

In questions 27 to 34 shade in separate Argand
diagrams the regions represented by:

25. |z—i|<3

26. z—4+3i|<4

27.0<argz< 37

1 3
28. ym<argz< ym
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29.

30.

3L
32.
33.

34.

35.

36.

37.

38.

—sr<arg(z-)<irx

—ir<arg(z+i)<irx

|zl > |z + 2|

lz+1] <z - 3i|

Represent each of the following loci in an
Argand diagram.

@) arg(z-1)=arg(z+1)

(b) argz=arg(z—111)

(c) arg(z—2)=m+argz

(d) arg(z—1)=m+arg(z-1)

Find the least value of |z + 4] for which

(@) Re(2) =5 (b) Im(z2) =3

©) |z1=1 (d) argz=+m

Given that the complex number z varies such
that |z — 7| = 3, find the greatest and least values
of lz—1i|.

Given that the complex number w and z vary
subject to the conditions |z — 12| =7 and [z —i| =
4, find the greatest and least values of |w — z|.

In an Argand diagram, the point P represents the
complex number z, where z = x + iy. Given that
Z + 2 =iz + 8), where A is a real parameter,
find the Cartesian equation of the locus of P as A
varies. If also z = u(4 + 3i), where A is real,
prove that there is only one possible position for
P.

(i) Represent on the same Argand diagram the loci
given by the equations [z — 3| =3 and |z| = |z - 2|.
Obtain the complex numbers corresponding to the
point of intersection of these loci. (ii) Find a
complex number z whose argument is /4 and
which satisfies the equation [z +2 +i|=|z—4 + i|.

Answers

12.
15.
17.
18.
19.
20.
23.
24
34.

35.
37.

X2+ y?+4x=0,13. x> +y? - 9x - 9x —y + 16
5x+3y=14. 16.2x*+2y>+25x+75=0
5x2+5y2 - 26x + 8y +1=0.

x? +y2 = 25, excluding (-5, 0)

X2 +y2—2x + 2y = 0, excluding (2, 0).
BXx—2y+6=0 21.xy=1. 22.x2—-y?=1
x(x? +y?—1) =0, excluding (0, 0)

.y(x? +y?—9) =0, excluding (0, 0).

(@9, (b) 3, (c)3, (d) 4.
5v2 +3,5V2 -3, 38.24, 2.
X2 +y?+10x+16=0

38.(1) 1+ iv5 (i) 1 +i.

Revision Exercise 3

Show on the Argand diagram the region represented
by the following:

=

n

z+1 _i,
z-1) 3

z2-2-3i| _
Z+2+i
Express the complex number z, :131:”5' in the

form x + iy where x and y are real. Given that z,

= 2 — 5i, find the distance between the points in

the Argand diagram which represent z; and z..

Determine the real numbers a and g such that

01+ o= -4 +1.

(i) Find two complex numbers z satisfying the
equation z2 = -8 — 6i.

(ii) Solve the equation z> — (3 — i)z + 4 = 0 and
represent the solutions on an Argand diagram
by vectors OA and @, where O is the
origin. Show that triangle OAB is right-
angled.

If z and w are complex numbers, show that:

[z—wWf +|z+wW/=2{z| +|w[}

Interpret your results geometrically.

A regular octagon is inscribed in the circle |z| =

1 in the complex plane and one of its vertices

the numberi(1+i). Find the

2
numbers represented by the other vertices.
(i) Two complex numbers z; and z; each have

arguments between 0 and 7. If 21z, = i — V3

represents

and 5—1 = 2i, find the values of z; and z,
2

giving the modulus and argument of each.

(ii) Obtain in the form a + ib the solutions of
the equation z2 — 2z + 5 = 0, and represent the
solutions on an Argand diagram by the points
Aand B.

The equation z2 — 2pz + g = 0 is such that p
and q are real, and its solutions in the Argand
diagram are represented by the points C and
D. Find in the simplest form the algebraic
relation satisfied by p and g in each of the
following cases:

(@ p><q, p#1andA B, C, D are the

vertices of a triangle;
(b) p* >gand «cAD=1r

8.(a) If —mr< arg z: + arg zo < m, show that arg(ziz»)

= arg z1 + arg Z,. The complex numbers
a=4y3+2i and b=y3+7i are represented in
the Argand diagram by points A and B
respectively. O is the origin. Show that triangle
OAB is equilateral and find the complex
number ¢ which the point C represents where
OABC is a rhombus. Calculate |c| and arg c.
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(b) z is a complex number such that

p q
Z= 7-q +l+3i where p and q are real. If
arg z = /2 and |z|] = 7 find the values of p
and g.

9. .

10. (a) Show that (1 + 3i)® = -(26 + 18i).

(b) Find the three roots zi, z, zs of the equation

22 =-1

(c) Find in the form a + ib, the three roots z'1, ',
7'; of the equation z° = 26 + 18i.

(d) Indicate in the same Argand diagram the
points represented by z- and 'y forr =1, 2, 3,
and prove that the roots of the equations may
be paired sothat |21 — 22| = 22 - 22 = |23 — 2'5 |
=3.

11. Write down or obtain the non-real cube roots of

unity, wi and wo, in the form a + ib, where a and
b are real. A regular hexagon is drawn in an
Argand diagram such that two adjacent vertices
represent wi, and w, respectively and centre of
the circumscribing circle of the hexagon is the
point (1, 0). Determine in the form a + ib, the
complex numbers represented by the other four
vertices of the hexagon and find the product of
these four complex numbers.

12. A complex number w is such that w® = 1 and w

# 1. Show that:

(i) ww+w+1=0

(ii) (x +a+b)(x +wa + w?b)(x + w?a + wh)

is real for real x, a and b, and simplify this

product. Hence or otherwise find the three roots

of the equation x® — 6x + 6 = 0, giving your
answers in terms of w and cube roots of integers.

13. (i) Find, without the use of tables, the two

square roots of 5 — 12i in the form x + iy, where

x and y are real.

(i) Represent on an Argand diagram the loci |z —
2| =2 and |z — 4| = 7. Calculate the complex
numbers corresponding to the points of
intersection of these loci.

14. (i) Given that (1 + 5i)p — 2q = 7i, find p and g
when (a) p and g are real (b) p and q are
conjugate complex numbers.

(ii) Shade on the Argand diagram the region for
which 3m/4 < arg z <mand 0 < |z| < 1L
Choose a point in the region and label it A. If
A represents the complex number z, label
clearly the points B, C, D and E which
represent —z, iz, z + 1 and z? respectively.

15. (i) Show that z = 1 + i is a root of the equation z*

+ 3z — 6z + 10 = 0. Find the other roots of the

equation.

(if) Sketch the curve in the Argand diagram
defined by |z — 1] = 1, Im z = 0. Find the
value of z at the point P in which this curve
is cut by the line |z - 1| = |z — 2|. Find also the
value of arg z and arg(z — 2) at P.

16. (i) If z =1 + i/3, find |z| and |z%, and also the
values of arg z and arg(z®) lying between -t
and . Show that Re(z°) = 16 and find the
value of Im(z%).

(it) Draw the line |z| = |z — 4| and the half line
arg(z — i) = m/4 in the Argand diagram.
Hence find the complex number that satisfies
both equations.

17. (i)  Without

(cosZ +icosZ)*

using  tables,  simplify

(cosZ —isinZ)®
(ii) Express z1 = % in the form p + qi, where
-2i

p and q are real. Sketch in an Argand
diagram the locus of the points representing
complex numbers z such that |z — z1] = 5.
Find the greatest value of z subject to this
condition.
18. (i) Given that z = 1 — i, find the values of r(>0)
and 0, - < 0 <, such that z = r(cos 8 + i sin
0). Hence or otherwise find 1/z and Z5,
expressing your answers in the form p + iq,
where g, r e R.

(ii) Sketch on an Argand diagram the set of points
corresponding to the set A, where A = {z:z € C,
arg (z — i) = m4}. Show that the set of points
corresponding to the set B, where B = {z:z € C,
|z + 7i| = 2|z — 1]}, forms a circle in the Argand
diagram. If the centre of this circle represents
the numbers z1, show that z; € A.

19. Use De Moivre’s theorem to show that
cos 78 =64cos’— 112cos° 8 + 56c0s° 60— 7cos &
20. (i) If (1 + 3i)zs = 5(1 + i), express z: and z;? in
the form x + iy, where x and y are real.
Sketch in an Argand diagram the circle |z —
Z1| = |z1| giving the coordinates of its centre.
(i) If z = cos @+ i sing, show that:

Z:E:Zisine z”:in=2isinn¢9
z

z
Hence or otherwise, show that
16sin°8 = sin 58— 5sin 36+ 10sin &

21. .

22. (i) Given that x and y are real, find the values of
x and y which make satisfy the equation
2y +4i y
2x+y  X—i

=0
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(ii) Given that z = x + iy, where x and y are real,

(a) Show thatlm( Z+i2J=0, the point (x, y)

7+2
lies on a straight line (b) Show that, when

Re(%) =0, the point (x, y) lies on a circle
Z+

with centre (-1, -%2) and radius 15

23. (i) Find |z| and arg z for which the complex
numbers z given by (a) 12 — 5i, (b) %
giving the argument in degrees (to the
nearest degree) such that -180° < arg z <
180°.

(ii) By expressing /3 — i in modulus-argument
form, or otherwise, find the least positive
integer n such that (+3 — i)" is real and
positive.

(iii) The point P in the Argand diagram lies
outside or on the circle of radius 4 with
centre at (-1, -1). Write down in modulus
form the condition satisfied by the complex
number z represented by point P.

24. Sketch the circle C with Cartesian equation x2 + (y
— 1)? = 1. The point P representing the non-zero
complex number z lies on C. Express |z| in terms of
&, the argument of z. Given that z' = 1/z, find the
modulus and argument of z' in terms of 4. Show
that, whatever the position of P on the circle C, the
point P' representing z' lies on a certain line, the
equation of which is to be determined.

25. (a) The sum of the infinite series 1 + z + 22 + 23
+ ... for values of z such that |z| < 1 is 1/(1 - 2).
By substituting z = %(cos & + isin &) in this
result and using De Moivre’s theorem, or
otherwise, prove that

lsin9+isin 29+isin ng+... :ﬂ
2 2 n 5—4co0sd

Answers

3.1+2i;5v2;-2,-1

4. (i) £(@-30), (i) 2—-2i, L +i

5. sum of squares of a parallelogram = sum of squares of
sides

6. +1,+i, . L (1—i), L(1+i
iﬁ( )ﬁ( )
7. (i) -1+iv3,2,2m3; Y3 + Li, 1, /6

2
(i) 1 £2i; (@) p>=q-4,(b) 2p=q+5
8. (a) —3V/3 + 5i; 2V13, 2.38 rad, (b) 5,—20.
9. (i) -1 —i, 3m/4, (i) 2 -1, 2; -10.

10.(b) -1, %
1L -3V3) + 13+ VB)i
3 iv3;, 8+ ?

1L -3+ il i; 28

12. (ii) x* — 3abx + a® + b%; Y2 -4, w32 - »*

02 - ola

13. (i) £(3 - 2i), (ii) 3 +iv/3.
14. (i) () 7/5, -4/5; (b) 2 + i
15. (i) 1—1i, -1 + 2i, (i) 1(3+iv3) ; /6, 2m/3
16. (i) 2, 32, /3, -m/3; —16+/3 , (ii) 2 + 3i
17. (i) -1, (i) 1 + 2i, 2v5
18. (i) V2, -m/4; L + Li, 8i.
20. (i) 2—1i,3-4i; (2,-1)
21. (ii) 3x2 + 3y? + 10x + 3= 0.
22.()x=1,y=2o0rx=-1,y=-2
23. (i) a) 13, -23°, (b) 1, 90°; (ii) 12;

(i) lz+1+i|>4
24. 2sin@; icosecd, — 0, y = —1. 25. 2\2 - 2.

3i,

Q/Z 1
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